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Partition Logic: Why so long?: I

• Boolean logic mis-specified as logic of propositions.
• Boolean logic correctly specified as logic of subsets.
• Valid formula =df formula that always evaluates to

universe set U regardless of subsets of U substituted for
variables.

• Truth table validity should be theorem, not definition, i.e.,
theorem that for validity it suffices to take U = 1, or to only
substitute in U and ∅.

• Almost all logic texts define “tautology” as truth-table
tautology.

• Category theory duality gives subset-partition duality:

David EllermanUniversity of Ljubljana, Slovenia (Computation, Logic, and Information)The Logic of Partitions and Logical Information Theory July 3-5, 2024 2 / 31



Partition Logic: Why so long?: II

• In category theory, subsets generalize to subobjects or
“parts”. “The dual notion (obtained by reversing the
arrows) of ‘part’ is the notion of partition.” (Lawvere)

• But subset logic is almost always presented as propositional
logic.

• Propositions have no “dual” so the idea of a dual partition
logic was not “in the air.”

• Also Partition = Equivalence relation = Quotient set.
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The Rota Way: I

• Gian-Carlo Rota had the idea of a logic of equivalence
relations: Finberg D, Mainetti M, Rota G-C (1996) The
Logic of Commuting Equivalence Relations. In: Ursini A,
Agliano P (eds) Logic and Algebra.

• But the “logic” had no implication operation, only lattice
operations of join and meet.

• Partitions are so versatile than any lattice formula true on
all lattices of partitions would be a general lattice validity.

• Hence Rota et al. only used a special type of partition (or
eq. relation) called “commuting.”

• The operations of join and meet were known in the 19th

century (Dedekind, Schröder,...) but in a 2001 volume
dedicated to Rota, the authors noted:
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The Rota Way: II

This paper springs from a simple acknowledgement: the only
operations on the family of equivalence relations fully
studied, understood and deployed are the binary join ∨ and
meet ∧ operations. [Britz T, Mainetti M, Pezzoli L (2001)
Some operations on the family of equivalence relations. In:
Crapo H, Senato D (eds) Algebraic Combinatorics and
Computer Science: A Tribute to Gian-Carlo Rota. Springer.]

• But no new operations on partitions were defined in the
20th century.

• Logic of general partitions required the implication (and
other Boolean) operations.
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Algebras of Subsets and Partitions: I

• Given universe set U, there is the Boolean algebra of subsets
℘ (U) with inclusion as partial ordering and the usual
union and intersection, and enriched with implication:
S =⇒ T = Sc ∪ T for S, T ⊆ U.

• A partition π = {B, ..., B′} on U is a set of non-empty subsets
of U that are disjoint and union is U.

• Given universe set U, there is the algebra of partitions Π (U)
with join and meet enriched by implication where
refinement is the partial ordering.
• Given partitions π = {B, ...} and σ = {C, ...}, σ is refined by

π, i.e., σ � π, if for every block B ∈ π, there is a block C ∈ σ
such that B ⊆ C.

• Join π ∨ σ is partition whose blocks are non-empty
intersections B∩ C.
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Algebras of Subsets and Partitions: II

• Meet π ∧ σ: define undirected graph on U with link between
u and u′ if they are in same block of π or σ. Then connected
components of graph are the blocks of the meet partition.

• Implication σ⇒ π is the partition that is like π except that
any block B ∈ π contained in some block C ∈ σ is
discretized. Discretized B like 1B & Undiscretized B like 0B
so σ⇒ π is a characteristic function for refinement. Then

σ � π iff σ⇒ π = 1U
S ⊆ T iff Sc ∪ T = U.

• Top 1U = {{u} : u ∈ U} = discrete partition;
• Bottom 0U = {U} = indiscrete partition = “The Blob”
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Algebras of Subsets and Partitions: III

• The indiscrete partition 0U is called “The Blob” because like
in the Hollywood movie of that name, it absorbs everything
it meets.
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Algebras of Subsets and Partitions: IV

0U ∧ π = 0U
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Tautologies in subset and partition logics: I

• A subset tautology is any formula which evaluates to U
(|U| ≥ 1) regardless of which subsets were assigned to the
atomic variables.

• A partition tautology is any formula which always evaluates
to 1U (the discrete partition) regardless of which partitions
on U (|U| ≥ 2) were assigned to the atomic variables.

• Every partition tautology is a subset tautology.
• Partition tautologies neither included in nor include

Intuitionistic tautologies
• Basic open questions in partition logic, i.e., "early days":

• A decision procedure for partition tautologies.
• A Hilbert-style axiom system for partition tautologies, plus a

completeness proof for that axiom system.
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Tautologies in subset and partition logics: II

Just published book
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Quantitative Logic of Partitions = Logical
Information: I
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Quantitative Logic of Partitions = Logical
Information: II

• Boole’s quantitative logic of subsets = finite prob. theory =
normalized number of elements in S ⊆ U, i.e., Pr (S) = |S|

|U| .

• Rota, in his Fubini Lectures, said since “Probability is a
measure on the Boolean algebra of events” that gives
quantitatively the “intuitive idea of the size of a set”, we
may ask by “analogy” for some measure “which will
capture some property that will turn out to be for
[partitions] what size is to a set.”

• Answer is distinctions or dits of a partition, i.e.,ordered pairs
of elements in different blocks.
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Quantitative Logic of Partitions = Logical
Information: III

Lattice of subsets ℘ (U) Lattice of partitions Π (U)
Its = Elements of subsets Dits = Distinctions of partitions
PO Incl. of subsets S ⊆ T PO σ - π iff dit (σ) ⊆ dit (π)
Join: S∨ T = S∪ T Join: dit(σ ∨ π) = dit (σ) ∪ dit (π)
Top: U all elements Top: 1U with all dits
Bottom: ∅ no elements Bottom: 0U with no dits

Duality of “elements of a subset” and “distinctions of a
partition”.

• Then the definition of “logical information” or logical
entropy is clear:
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Quantitative Logic of Partitions = Logical
Information: IV

h (π) = |dit(π)|
|U×U| =

|U×U|−|∪jBj×Bj|
|U×U| = 1−∑j

(
|Bj|
|U|

)2

=

1−∑j Pr
(
Bj
)2
= ∑j 6=k Pr

(
Bj
)

Pr (Bk).

• For a probability dist. on U, p = (p1, ..., pn),
h (p) = 1−∑i p2

i = ∑j 6=k pjpk.
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Quantitative Logic of Partitions = Logical
Information: V

Logical entropy box diagram for p =
(1

2 , 1
4 , 1

8 , 1
8

)
• Derivation is new but formula goes back to the index of

mutability in: Gini, Corrado. 1912. Variabilità e Mutabilità.
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Quantitative Logic of Partitions = Logical
Information: VI

Analogous interpretations:

• Pr (S) = probability of one draw from U getting an element
of S.

• h (π) = probability of two draws from U getting a
distinction of π or

• h (p) = probability of two draws of different indices pi and
pj for i 6= j).
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Comparing logical & Shannon entropies I

• Comparison 1: Is it a measure (in the sense of Measure
Theory)?

• Logical entropy is the product measure p× p on the ditset,
i.e., h (π) = p× p (dit (π)).

• Shannon entropy H (p) = ∑i pi log2

(
1
pi

)
is not a measure on

a set as in measure theory.

• Kolmogorov criticized Shannon entropy for starting with
probabilities:
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Comparing logical & Shannon entropies II

Information theory must precede probability theory, and not
be based on it. By the very essence of this discipline, the
foundations of information theory have a finite combinatorial
character. [Kolmogorov, A. N. 1983. “Combinatorial
Foundations of Information Theory and the Calculus of
Probabilities.” Russian Math. Surveys 38 (4): 29–40. p. 39]

• • Logical entropy passes the Kolmogorov Test; the “finite
combinatorial” basis is dit (π).

• Shannon entropy is not a measure on a set but starts with the
probability distribution p.
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Transformation between entropies? I

• Comparison 2: Venn diagrams?
• Logical entropy, as a measure, has naturally defined Venn

diagrams for joint, conditional, and mutual logical entropy.
• Shannon entropy was carefully defined so that joint,

conditional, and mutual Shannon entropies satisfy the usual
Venn diagram relationships though not a measure on a set.

• How to transform logical to Shannon entropy?
• The additive 1-complement of pi is 1− pi and the

multiplicative 1-complement of pi is 1
pi

.

• The additive probability average of the additive
1-complements is the logical entropy h (p) = ∑i pi (1− pi).

• The multiplicative probability average of the mult.

1-complements is the log-free Shannon entropy ∏i

(
1
pi

)pi
.
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Transformation between entropies? II

• Choose a log, e.g., to base 2, and the log2 gives the usual
Shannon entropy:

H(p) = log2

(
∏i

(
1
pi

)pi
)
= ∑i pi log2

(
1
pi

)
.

• Hence the Shannon entropy is the log of the multiplicative
version of (additive) logical entropy.

• This non-linear but monotonic dit-to-bit transform, namely
(1− pi) log2

(
1
pi

)
, transforms the logical entropy Venn

diagrams into the Shannon Venn diagrams.
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Transformation between entropies? III

The Dit-Bit Transform: 1− pi  log
(

1
pi

)
h (p) = ∑i pi (1− pi)

H (p) = ∑i pi log (1/pi)

h (X, Y) = ∑x,y p (x, y) [1− p (x, y)]

H (X, Y) = ∑x,y p (x, y) log
(

1
p(x,y)

)
m (X, Y) = ∑x,y p (x, y) [[1− p (x)] + [1− p (y)]− [1− p (x, y)]]

I(X, Y) = ∑x,y p (x, y)
[
log
(

1
p(x)

)
+ log

(
1

p(y)

)
− log

(
1

p(x,y)

)]
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Comparison 3: Pair-wise independent
random variables I

• Independent X and Y: Shannon I (X, Y) = 0; Logical
m (X, Y) = h (X) h (Y).
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Comparison 3: Pair-wise independent
random variables II

• But for standard example of 3 r.v.’s X, Y, Z pairwise indep.
but not mutually indep.

• Shannon has negative mutual information for these 3 r.v.s.

• Logical entropy has probability interpretation and is always
non-negative.
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Comparison 4: Countable prob. distributions

• Logical entropy well-defined for all countable probability
distributions. For instance, for pi =

(1
2

)i
,

h (p) = 1−∑∞
i=1
(1

4

)i
= 1− 1

3 =
2
3 and interprets as prob. of

different indices in 2 indep. draws.
• Shannon entropy blows up for some countable

distributions. Hard to interpret when it does converge. For
instance, for pi =

(1
2

)i
, H(p) = ∑∞

i=1
1
2i log2

(
1

1/2n

)
= 2 but

also H
(1

4 , 1
4 , 1

4 , 1
4

)
= 2 and clearly interprets as # yes-or-no

questions to distinguish alternatives.
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Comparison 5: MaxEntropy comparison

• Maximize which entropy? The two entropies give different
results. Which is closest to

( 1
n , ..., 1

n
)
?

• For max-entropy problems, maximizing Shannon entropy
He = ∑i pi ln

(
1
pi

)
is the same as minimizing the

Kullback-Leibler divergence
D
(
p||
( 1

n , ..., 1
n

))
= ∑i pi ln

(
pi

1/n

)
which is not a distance

formula, i.e., violates triangle inequality and is not even
symmetric.

• For max-entropy problems, maximizing logical entropy is

the same as minimizing the usual distance
√

∑i
(
pi − 1

n

)2
.
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Defining information comparison

• Comparison 6: Does it define “information”?
• Logical entropy defines information at the logical level as

distinctions.
• Shannon admitted he had no definition of information,

criticized calling it “information theory” (instead of “Theory
of Communications”), but he said that his entropy is a
quantification of information (i.e., correct by dit-to-bit
transform).

• Shannon entropy is the minimum average number of binary
distinctions (i.e., yes-or-no questions) that distinguish all the
outcomes.
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Comparison 7: measure of uncertainty?

• Shannon entropy is often described as a measure of
uncertainty in, say, a real-valued random variable
X = {x1, ..., xn} where Pr (xi) = pi for i = 1, ..., n.

• But there is already a well-established measure of
uncertainty Var (X) = E

(
X2)− E (X)2.

• Logical entropy h (p) = ∑i,j pipj
(
1− δij

)
where 1− δij is

"logical distance" in C.R. Rao’s quadratic entropy. For a
real-valued random variable, a better distance is Euclidean
distance (squared) and: ∑i,j pipj

(
xi − xj

)2
= 2Var (X) so

∑i<j pipj
(
xi − xj

)2
= Var (X).

∑(i,j)<(i′,j′) p
(
xi, yj

)
p
(

xi′ , yj′
)
(xi − xi′)

(
yj − yj′

)
= Cov (X, Y).
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New logical foundations for Shannon’s
"Temple"

• For all these reasons (and others), logical information
theory as the quantitative version of the logic of partitions
provides a new logical foundation for information theory.
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The Big Picture: The Fundamental Duality in
the Sciences

Fund. Duality Subset side "Its" Partition side "Dits"
Logic Logic of subsets Logic of partitions
Quantitative version Logical probability Logical information
Math: Category Theory Logic of subobj. Logic of quotient obj.
Physics: Fully def. Cl. Mech. Indef. Quantum Mech.
Life Sciences Selectionist Mech. Generative Mech.

• Ellerman, David. 2024. “A Fundamental Duality in the
Exact Sciences: The Application to Quantum Mechanics.”
Foundations 4 (2): 175–204.
https://doi.org/10.3390/foundations4020013.

• Ellerman, David. 2024. “A Fundamental Duality in the
Mathematical and Natural Sciences.” 4Open, (in prod.).
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Thank you!

• Email: david@ellerman.org
• Papers: www.ellerman.org
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